UNIFORM (M)-CONDITION AND STRONG MILNOR 

FIBRATIONS 



RAIMUNDO N. ARAUJO DOS SANTOS 

Abstract. In this paper we study the Milnor fibrations associ- 
ated to real analytic map germs ip : (R m , 0) — > (K 2 , 0) with isolated 
critical point at G M m . The main result relates the existence of 
called Strong Milnor fibrations with a transversality condition of a 
convenient family of analytic varieties with isolated critical points 
at the origin £ K m , obtained by projecting the map germ i\) in 
the family L-g of all lines through the origin in the plane M 2 . 



1. Introduction 
In |Mi] Milnor proved that if 

4>: (C n+ \0) — (C,0), 

is the germ of a holomorphic function with a critical point at 0, then 

ib 

for every sufficiently small e > the map 77777 : S^ n+ \ K € — > S 1 



is the projection map of a smooth locally trivial fibre bundle, where 
K e = ^ _1 (0) fl S^ n+1 is the link of singularity at 0. This is the Milnor 
fibration for holomorphic singularities functions germs. 

Milnor also proved in the last chapter of his book a fibration theorem 
for real singularities. He showed that if 

ib : (R m , 0) -> 0) , m > p > 2, 

is a real analytic map germ whose derivative Dip has rank p on a 
punctured neighborhood of G M m , then there exists e > and 7] > 
sufficiently small with < 7/ <C e < 1, such that considering E : = 
£ e m (0) n^ -1 ^ -1 ), 5 e m (0) the open ball centered inOeff" and radius 
e, we have that ib\ E : E — > S 1 ^ 1 is a smooth locally trivial fibre bundle. 



°2000 Mathematics Subject Classification. Primary 32S55, 32S60, 58K15 
Key words and phrases, real Milnor fibration, topology of singularity, stratifica- 
tion theory. 

The author acknowledges the financial support from FAPESP/Brazil grant # 
05/58953-7. 

1 



2 



ARAUJO DOS SANTOS 



Milnor also proved the existence of a diffeomorphism that pushes E to 
S™~ 1 \Nk e , where Nk c denotes a tubular neighborhood of the link K e in 
S™ . Moreover, this fibre bundle can be extended to the complement 
of the link in the sphere S^ 1-1 \K e , with each fiber being the interior of 
a compact manifold bounded by K € . But, in all these constructions we 

cannot guarantee that the map -j— — - is the projection of the fibration, 



as it is easily shown by the example below. 
Example 1.1. [Mi, page 99] 

P = x 

Q = x 2 + y{x 2 + y 2 ) 

Definition 1.2. [RSV] 

Let if) : (IR m , 0) — > (R p , 0), m > p > 2, be a map germ with isolated 
singularity at the origin. If for all e > sufficiently small, the map 

" S*™ -1 \ K e — > S^ 1 , is a projection of a smooth locally 



trivial fibre bundle, where K e is the link of singularity at 0, we say that 
the map germ satisfies the Strong Milnor condition at G M m . 

The problem of studying real isolated singularities for which the map 

if) 

extends as a smooth projection of the fibre bundle S™ \ K e — > 



5 P_1 , as in the holomorphic case, was first studied by A. Jacquemard 
in pa], |Jalj . by J. Seade, Ruas and Verjovsky in [RSVj . and by the 
author and Ruas in |RSj . 

The Jacquemard's approach pa] was the following: considering if) = 
(P,Q) '■ (R m , 0) — > (R 2 ,0) an analytic real map germ with isolated 

singularity at G IR m , he gave two conditions which were sufficient 

if) 

to guarantee that the map -yy— ^— j-j- extends to all S 1 ™ -1 \ K e as a smooth 

projection map of a locally trivial fiber bundle over S 1 , i.e, the function 
germ if) satisfy the Strong Milnor condition at origin. The first condition 
(A) is geometric: the angle between the gradient vector fields VP and 
VQ has an upper bound smaller than 1; the second condition (B) is 
algebraic: the Jacobian ideals of P and Q have the same integral closure 
in the local ring of real analytic function germs at G M. m . With these 
tools the author recovered some main ideas given by Milnor on his book 
[Mi] to construct the locally trivial fibre bundle. 

In another direction, using stratification theory and singularity the- 
ory, in |RSj the authors proved that the Jacquemard's conditions are 
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not necessary for the existence of a Milnor fibration. The result were 
the following: 

still considering ip = (P, Q) : (R m , 0) — > (R 2 , 0) a real analytic map 
germ, with isolated singularity at G R m , and ^>(x,t) a convenient 
family of functions associated to map ip (called Seade's family, see 
Definition 2.4, page 5), X = ^(0) \ {0} x R and Y = {0} x R a 
stratification of analytic variety \1/ _1 (0), holds: 

Theorem 1.3. [RS] // the real analytic map germ if) = (P, Q) : (R m , 0) 
— > (R 2 ,0) satisfies the Jacquemard hypotheses, then the pair (X,Y) as 
above satisfies the Verdier's (w) — condition. 

It is well known that, in real and complex subanalytic settings we 
have these sequences of implications: Verdier's (w)— condition =^> Kuo's 
ratio test =>• (6) — Whitney condition =>■ Bekka's (c)— condition. 

Theorem 1.4. [RSJ // the pair (X,Y), as above, satisfy the Bekka's 
(c)— condition on R m x R with respect the control function p(x,6) = 
Y% =1 xj(or, in another words, the pair (X,Y) satisfies the A p -Thom 

condition), then the map j— -rr extends as a smooth projection of locally 

trivial fibre bundle 5*™ _1 \ K e — > S 1 . 

In the example below, is easy to see that, the pair (X, Y) associated 
to Seade's family satisfies the A p — Thorn condition for p(x, y, 9) = x 2 + 
y 2 and p\ x is a submersion, i.e. the pair (X,Y) satisfies (c)— regularity 
condition (see definition 12.21) . but does not satisfy the Jacquemard hy- 
pothesis((B), in this case), showing that the Jacquemard hypotheses is 
stronger than the hypothesis given by the authors in Theorem 11.41 

Example 1.5. 



In this work, still using the family *f?(x,9), we give another point 
of view to get the Strong Milnor fibration. Actually, following the ap- 
proach given by Milnor in [Mi] and by A. Jacquemard in [JaJ, we des- 
cribe a condition weaker than (c)— regularity, as given in |RSj . The 
main Theorem is: 

Theorem 1.6. Let ip = (P,Q) : (R m ,0) -> (R 2 ,0) be a real analytic 
map germ, with isolated critical point at G R m , and *&(x, 9) the asso- 
ciated Seade's family for the map ■0. Suppose that for all x G U \ {0}, 
where U is an open domain ofip, we have: 
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I ( „ * : {.. , tt^t) l< 1 - p; < P < 1; V0 G R. Then, satis- 
IIV^w^xJll ||x|| 

fies the Strong Milnor condition at G M m , i.e. there exist €q > 
0, sufficiently small, such that Ve, < e < eo, the projection map 




: S 1 ™ 1 \ X e — > S 1 is a smooth locally trivial fibre bundle. 



2. Definition and Basic results 

We briefly recall some definitions and basic results. For more details 
see |BK], [BTj . 

Let M be a smooth Riemannian manifold, X and Y submanifolds of 
M, such that Y C X. Let (Ty , it, p) be a tubular neighbourhood of Y in 
M together with a projection 7r : Ty — > Y, associated to a smooth non- 
negative control function p with p _1 (0) = K and Vp(x) G ker(c?7r(a;)). 

Definition 2.1. [BK] : 

The pair (X, Y) satisfies condition (m) if there exists a real number 
e > such that 

(iT, p) \xf]T^ 

x i — ► (n(x),p(x)) 
is a submersion, where T y := {x G Ty j p{x) < e}. 

Geometrically, the condition (m) says that the submanifold X is 
transverse to level p = c inside the open tubular neighborhood T Y . 

Definition 2.2. (Bekka's condition) [B2] 

We say that a pair of strata (X, Y) satisfies (c)— regularity condition 
with respect a smooth non- negative control function p : M — > IR + , if 
the following holds: 

i) p-\0) = Y; 

ii) p |x is a submersion; 

iii) Let {x{\ a sequence of points in X such that {xi} — > y G K and 
ker(c/ :!;i p | x ) -> r; then T y F C r. 

Considering Star(Y) = {X : X is statum such that Y C X}, 
in a general way, the property ii) of definition says that p |star(r) is a 
stratified map and iii) says that p |stor(r) is a Thorn map. The following 
proposition is indeed a geometric easy way to see the item iii). 
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Proposition 2.3. [B2J The property Hi) of the above definition is 
equivalent to 

grad x (p \ x ) 

lim ny ^ n a < I mi ) = 

» \\grad x (p \ x )\\ 

where II y is the orthogonal projection on T y Y and G T y Y. 

Now let F : E m x E, x E — > E, be a one-parameter family of 
function-germs, 0) = F fl (x), X := F -1 (0) \(0xR)cI m xl, 
y := x E and X e = F fl _1 (0) C E m , 0. 

We say that the family F(x, 9) has p— Milnor's radius uniformly, if 
there exist eo > such that the pair (X, Y), defined as above, satisfies 
condition (m), with respect some control function p. 

Remark. 

1. If the definition holds for some eo > 0, it also holds for all e, < e < 

2. Using the control function p(xi, x m , 9) = in E m+1 , this 
definition says that the strata X is transverse to all Euclidean cylinder 
into the tubular neighborhood T Y °. More precisely, the manifolds Xg = 
F e _1 (0) are transverse to spheres for all < e < e . 

Finally we recall Seade's method given in [5], [RSj . Consider a real 
analytic map germ if) : E m , — > E 2 , and identify E 2 with C, we 
have if)(x) = (P(x),Q(x)) ~ P(x) +iQ(x), where i 2 = —1. Let ng : 
C — > Lg be the orthogonal projection to the line Lg through the origin, 
forming angle 9 with the horizontal axis in C and take the composition 

ty(x,0) = IXg oip(x). 

Lemma 2.4. [S] Let U C E m be a neighborhood of such that for 
every x G U \ {0}, if) has maximal rank at x. Then the following hold: 

(i) U = Ug(Mg n U), < 9 < 7T . 

(ii) M = n e M e = M dl n Mg 2 , where M = ip- l {0), 9 1 ^ 9 2 ,9 X ,9 2 G 
[0,tt). 

(iii) For each 9 G [0, tt), M e = Eg U M U w/jere £ Q = J- X (e ia ) 
and M = ip-^O), with 4>:U\M -> S 1 , 0(z) = i, ^ 



11^)11 

(iv) For eac/i G [0, 7r), = Mg\{0} is a real smooth submanifold 
of real codimension 1 ofU\{0}, given by the union of Eg, Eg + iL 
andM\{0}. 

Definition 2.5. The family * : (E m x E, 0) -> (E,0), tf(ac,0) = 
7Te oif)(x), defined as above, will be called the Seade's family associated 
to the map germ if) = (P, Q). 
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3. Tools 

In what follows let if} = (P, Q) : R m , — > R 2 , be a real analytic map 
germ with isolated critical point at G R m , U 3 some open domain 
of if} with the decomposition given by Lemma [27^1 and ^ : R m x R, — > 
JR., the associated Seade's family to the real analytic map germ if}, 
satisfying the hypothesis of Theorer dl.61 

In this section we prove two preliminary lemmas. In the first we show 

that the projection - — - does not have critical point in ST 1 " 1 \ K e for 

all e sufficiently small. Using the hypothesis of Theoren il.61 it will be 
possible to guarantee the existence of eo > sufficiently small, such 
that the manifolds M e \ {0} are transverse to S™' 1 for all e, < e < e , 
and for all 9. 



Lemma 3.1. There exists eo > 0, sufficiently small, such that for all 
x G Bg(0) \ {ip-\0)} C U, the vector fields V x ^ e (x) and 7(2) : = 
P(x)VQ(x) — Q(x)VP(x) are parallel. 



Proof. Let B™(0) = U[M g n B%(0)]. For each x G B™(0) \ {V> _1 (0)}, 
39 G R such that cos(9)P(x) = sm(9)Q(x), since x belongs to some 
M e . 

So, consider the following cases: 

1) sin(0)QO) ^ 0; 

2) sm(9)Q(x) = 0. 

If 1) holds, we have 

P(*) = ^&Q( X ) and 70»0 = ^&Q(x)VQ(x)- Q(x)VP(x) = 
cos{9) cos{9) 

Q ^ (cos(0)VP(z) -sin(0)VQ(z)). Then, j(x) = -^-W e {x). 



cos(6>) 1 1 " 1 cos(6>) 

If we have the particular case 2) sm(9)Q(x) = 0, consider again two 
situations: 

i) If sin(0) = Othencos(fl) ^ and P(x) = 0. Since a; G J B™(0)\^~ 1 (0), 
then y(x) = -Q(x)VP(x) and V x ^ e {x) = cos{9)VP{x). 

ii) If Q(x) = then cos(fl) = and P(x) ^ 0, since x G S^(O)\-0 _1 (O). 
Then, sin(0) ^ 0, j(x) = P(x)VQ(x) and V x f fl (x) = -sm(9)VQ(x). 

Therefore, in both cases we have j(x) is parallel to V x ^g(x). 

□ 
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In [Jaj the author proved that the critical points of the map 



gm-i y ^ _^ g are p rec i se iy the points a; G such that the vector 

fields "f(x) = P(x)VQ(x) — Q(x)VP(x) and x are parallel. However, 
the hypothesis of the main theorem implies that the vector fields x 
and V x tyg(x) are transversal. So, using Lemma [3711 above we have that 

the projection — — : S™~ 1 \ K e — ► S 1 is a submersion, for all e > 



sufficiently small. 

In the following result we construct a smooth vector fields in S 1 ™ -1 \ 
K e , whose solution do not fall in the empty K e , for finite time. This 

result will guarantee that the projection - — - is a onto submersion. 



Lemma 3.2. There exists a smooth vector fields uj tangent to S™ 1 \K t , 

such that: 

P(x)VQ(x)-Q(x)VP(x) ^ 

^ P*(x) + Q*(x) } = h 

P(xWP(x) + Q(x)VQ(x), 

;ii) | P^yrW) } 1 ; > /or e > 

sufficiently small. 

Proof. For each x G \ K e define u(x) := 7(2;) — (7(2;), j t — 77) ■ 



x\\ \\x\y 

the projection of 7(2?) in T X (S™ 1 \ K e ). Under the hypotheses of the 
main Theorem and Lemma 13.11 above, this vector field is smooth and 
never zero. 

( P\x)+Q\x) ^ u(x) 
Let w(x) := ( n~^~T7i J- Ti ^° we have: 

P(x)VQ(x)-Q(x)VP(x) _ u(x) 
J WJ ' P{xY + Q{xY ' ~ { \\u(xW n[ )} ~ 

] X X I 

u(x),i(x) - (7(3:), Trnr)-7nr) = n , ...J u{x),u(x)) = 1, 



I (a:) || 2 ' ' ||x|| ||x|| 1 1 ia (^) 1 1 2 

are the second equality 
proves the first statement 



where the second equality we use the fact u(x) _L Oyix), - — — ) . — — -. This 

\\x\\ \\x\\ 



P(x)VP(x) + Q(x)VQ(x) _1 V(l^(x)|| 2 ) , 

j WJ ' P(x) 2 + Q(a;) 2 ; "2^ W 'P(x) 2 + Q(x) 2; " 

_ lll^nl.UVdl^nPnl l\\V(U(x)\\*)\\ 
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Since K*)|| 2 = || 7 (x)|| 2 - (7(^),^) 2 = ||7(*)l| 2 (l - ft) 2 ) > 



> p 2 ||7(»|| 2 then, 
, , , , V(ll^)j| 2 ) , , 1 ||V(II^)|| 2 )|| 1 ||V(||^(x)|| 2 )|| 
K 1 J, P(x) 2 + Q(x) 2; 1 " 2 ||«(a;)|| 2p || 7 _(a;)|| 

It is enough to verify that for all x E S™ -1 \ K £ , it is possible to 
get upper bounds for the last expression by using the curve selection 
lemma. 

For this, consider 5 > a real number sufficiently small, and a non- 
constant real analytic curve a : [0,5) — > S^ 1 , with a(t) E S™^ 1 \ K e 
and a(0) G -K^. Using the Taylor expansion we have: 
' a(s) = a + a\S n + n > 1, e a E 
P(a(s)) = P + PiS r + ...;r > 1; 
VP(a(s)) = a + ens 1 + ...,/> 1, a ^ 0; 
g(a(s)) = g + Qis fc + --,A;> 1; 
I VQ(a(s)) = 6 + M p + > 1, 6o ^ 0. 

Since a E K e = S™~ 1 n ^ _1 (0) =>- P(a(0)) = P = and Q(a(0)) = 
Qo = 0. Therefore 

' P(a(s)) = P lS r + ...,r > 1,P 1 ^ 
Q(a(s)) = Q lS k + ...,k > l,Qi ^ 

Since E(P, Q) = {0} the vectors VP(a(0)) and VQ(a(0)) are not 
parallel outside of origin. 

Thpn liv(ll^(*))ll 2 )ll 2 

' ll7(«( S ))|| 2 
\\(P lS r + ...)(a + a lS l + ...) + (Q lS k + ...)(6q + M p + ...)|| 2 _ 
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(P lS r + ...)(6o + b lS P + ...) - {Q lS k + ...)(a + a ± s l + .. 

Pia s r + Q 1 b oS P + ...\\ 2 \\P iaQ s r + Q 1 b oS P\\ 2 + s 2 (U(s)) , 

■ tor some 



||Pi6l,s r - Qia sP + ...|| 2 WP^os- - Q iao sP || 2 + s 2 (V») 
analytic functions U(s), V(s) in variable s. 

The last expression has a upper bound for s small enough, if we take 
any natural r, p with r ^ p. Now it remains to check Mr — p and Pi&o — 
Qiao = because, in this particular case, the order of denominator can 
be bigger than the order of numerator when s goes to zero. It means 
that the last expression above goes to infinity. 

Qi 

But Pib — Qid = •<=>- b = —a and 

Pi 
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VP(a(s)) = a + ais' + ... 
VQ(a(s)) = ^a + 6 lS fc + ... 

Then, VP(a(0))//VQ(a(0)) in Sf" 1 , contradicting £(P, Q) = {0}. 

□ 

4. Main result 

Proposition 4.1. Lei ip : (IR m ,0) — > (IR 2 ,0) with isolated critical point 
at G M m , swc/i i/iai i/ie associated Seade's family satisfies the hypothe- 
sis of main theorem, then there exist eo such that, for all < e < eo, i/ie 

map - — - : \ K t ^ S 1 is a smooth projection of a locally trivial 



fibre bundle. 

Proof. Now we are ready to construct the prove of Theorem 1.6. 

Under it hypothesis and by Lemma 3.2, there exists a smooth vector 
fields u tangent to \ K e , satisfying conditions i) and ii) of lemma. 
Now taking the flow <f>t(x) of u G T^S™ -1 \ K e ), with (f>o(x) = x, and 

considering = e t9 ^ x \ we have 9{x) = Re(—i\nil)(x)) and 

dt Wt{x))) ~ mxh p 2 (<M*)) + q 2 (<m*)) ; " 

then, 0{(t>t{x)) = t + c; 0(&(ac)) = t + O , where 0(</>o(z)) = #0) = #o- 
it the initial value. 

Therefore, if the flow 4>t is well defined Vt G K., we have t— - jy : S 1 ™ -1 \ 



— > S is an onto smooth submersion over S , because the projection 
function - — - wrap (f)t(x) around S , all time £. 



If for some fixed t G R, t — > to <f>t ~ y Ke, then ||^(0 t )|| — > and 
log||V(&)||-oo. 

But, | |(log(||^(0 4 )|| 2 )) | = | (0 t , ) |< M has bounded 



derivative, so this flow is well defined for all tel. 

Now using the same idea of [Mi[ page 43], see also [Jalj page 22], con- 

sider ir = tt—tt, xq G S™ \ K e fixed, define h XQ (t) = 4> XQ {t). For each t, 



it is well known that h t : S™ \K e — > S™ \K e is a C°°— diffeomorphism 
given by the flow of u in Lemma 13.21 and if e ts G S , /ii(vr _1 (e ls )) = 
7T _1 (e^ s+ *- ) ), this says that this flow is transverse to all fiber F t : = 



7T 



-1 



(t). Furthermore, if we consider U a a neighborhood of e ta in S 1 , 



small enough, we have the following commutative diagram: 
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U a x ir~\a)^^Ti-\U a ) 



where ~K\ is the projection on first coordinate. 



□ 



5. Comparing this result with (c) -regularity condition 

It is easy to see that the hypothesis of Theorem 11.61 implies (re- 
condition for the pair (X,Y), in a tubular neighborhood T Y = {x E 

l ra xl: p(x,9) = YlT=i x l < e )> where X = * _1 (0) \ {0} x R and 
Y = {0} x R. 



Corollary 5.1. If the pair (X,Y), defined as in Theorem satisfy 



the Bekka's (c)— condition on R m x R with respect the control function 
p(x, 9) = T^ =1 xj, then ip satisfy the strong Milnor condition at origin. 

Proof. It turn out that Bekka's (c)— regularity implies condition (m) 
and Whitney (a)— regularity condition for the pair of strata (X, Y) [BKJ. 

□ 



The example below shows a real analytic maps germ which satisfies 
the hypothesis of Theorem 11.61 but the associated pair of strata (X,Y) 
does not satisfy Whitney (a) — regularity. More details can be found in 
jXCS] : 

Example 5.2. 

P = x 

Q = yx 2 + y 3 

Observe that *&(x, y, 6) = cos(8)x — sin(9)(yx 2 + y 3 ), so V^e(x,y) = 
(cos(6 l ) — 2xysm(6), — [x 1 + Sy 2 ) sin(0)). Let's verify that in some punc- 
tured neighborhood of the origin the vectors V^q(x, y) and the position 
vector (x, y) are not parallel, for all 9 6 R. It will be enough to solve 
the following system: 

(^(x, y )^e(x,y), (-y,x)) = 
Vo(x,y) = 

Or, 

ycos(6) + (xy 2 + x 3 ) sin(6 l ) = 
x cos(6 l ) — (yx 2 + y 3 ) sin(6 l ) = 
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The matrix of the system is 

(y xy 2 + x 3 \ fcos(6)\ _ f0\ 
\x -{yx 2 + y 3 )J ' ^sin(0) J ~ [oj 

The vector (cos(6 l ), sin(6 1 )) is always never zero, so we have to check 
the rank of the matrix on the right, but this determinant is —y(yx 2 + 
y 3 ) — xixy 2 + x 3 ) = — {x 2 + y 2 ) 2 . It is equal zero, iff x — y — 0. So, this 
map germ satisfies the hypothesis of main theorem. 

In order to see that the associated pair (X, Y) of the map germ above 
does not satisfy the Whitney (a)— regularity, consider the sequences 
Xi,yi,9i, with xi — > 0, yi = 0,6^ = |. It is easy to see that Whitney 
(a)— regularity fails along this sequence. 

It means that the hypothesis given in Theorem 11.61 is weaker than 
the (c)— regularity condition over the pair (X, Y) given by the authors 
in [KS] . 

Example 5.3. 

P = z {x 2 + y 2 + z 2 ) 
Q = y - x 3 

It is easy to see that this map germ has an isolated critical point 
at origin and the link is given by K e = {z = 0,y = x 3 } PI S 2 , i.e, 
two points. The points where S/( Xt y !Z )^e(x, y, z) and the vector position 
(x,y,z) are parallels satisfies the following system, for some A G M*: 

2xz cos(6 ) ) + 3x 2 sin(^) = Ax 
2yzcos(9) — sin(6 ) ) = Xy 
(x 2 + y 2 + 3z 2 ) cos(6>) = Xz 
^cos(8)z(x 2 + y 2 + z 2 ) = sin(6)(y — x 3 ) 

Making some calculations you will get only the trivial solution. 
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